We show the existence of graded Gorenstein algebras whose Betti numbers are not unimodal, contradicting a conjecture by R. Stanley. In fact, we prove that the Betti numbers given by the natural lower bound are non-unimodal in sufficiently high embedding dimension^greater than or equal to nine^and we have calculated two examples where the Betti numbers attain this lower bound.
The Hilbert function of graded Gorenstein algebras were once conjecured to be unimodal. R. Stanley [7, Ex. 4.3] found a counterexample and later large classes of counterexamples have been found by others [2, 4, 5] .
Later R. Stanley [8, Conj. 4b ] conjectured that at least the Betti numbers of a graded Gorenstein algebra should be unimodal. In many examples this is also the case. For example it is clear that the Betti numbers of a complete intersection are unimodal.
In a previous paper [3] , we stated a conjecture on the generic Betti numbers of compressed Gorenstein Artin algebras. In this paper we prove that our conjecture implies that the Betti numbers of a sufficiently general Gorenstein Artin algebra of embedding dimension at least 9 are non-unimodal if the degree of the socle is odd, contrary to the conjecture by Stanley. This, of course, does not prove the existence of Gorenstein algebras with non-unimodal Betti numbers. Therefore we have, by means of the computer algebra system Macaulay [1] , computed the Betti numbers for two examples of graded Gorenstein algebras, with embedding dimension 9 and 10, where the Betti numbers are non-unimodal. Setup 1. Fix integers r and c. Let R be the polynomial ring kx 1 Y x 2 Y F F F Y x r over a field k of characteristic 0. For any hyperplane H R c we define We first consider the case where r 2k 1. We have that c 2t À 1 where t is the least integer such that
We have now that the conjectured Betti numbers are
Thus we have that mats boij
for k ! 4. Hence we have proved that the sequence is non-unimodal in the case r 2k 1, for k ! 4. Now assume that r 2k. Then we have that
1). Hence we have that
and
Hence we have that
for k ! 5. We have now finished the case r 2k, for k ! 5. Hence the sequence is non-unimodal if r is odd and r ! 9 or if r is even and r ! 10, which together finish the proof.
Remark 6. Proposition 5 shows that if Conjecture 3 holds we have that almost all graded Artin Gorenstein algebras with odd socle degree have nonunimodal Betti numbers if the number of variables is at least 9.
For Gorenstein Artin algebrasof embedding dimension 9 and 10 with socle in degree 3 the Betti numbers given by Conjecture 3 are
1Y 45Y 231Y 550Y 693Y 660Y 693Y 550Y 231Y 45Y 1Y 6X2 respectively. Since it is a question of the generic case, it suffices to find one algebra having these Betti numbers to verify the conjecture (cf. [3, xx4^3, 4^4] ). The existence of such algebras has been verified by means of computer calculated resolutions. In in both cases the ideals are generated by quadrics.
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